Vector Solitons and Spontaneous Lorentz Violation Mechanism 
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Taking a full 3D nonlinear vector matter field dynamics, a vector version of a soliton state was found. 
The Nielsen-Olesen procedure was used in order to derive a Lorentz-violation vector parameter which 
characterizes, via Spontaneous Symmetry Breaking mechanism, the non-trivial vacuum. A stable 
vortex configuration is obtained, and although the Chern-Simons-type terms do not contribute to 
the value of the vortex core, the propagator analysis suggests us the possibility of a contribution to 
the size of the vortex core and to the growth of the field to achieve the asymptotic limit value with 
the distance. 
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I, INTRODUCTION 

Since the birth of quantum mechanics there has been a continuous growing interest is the study of non-commutative 
possible phenomena jll 13. 13. IR Ifil. HI IsL Ifll fTol ITU . and its consequent (or not) Lorentz violation effects. In the 
context of field theory it can be determined by introducing deformation terms in the algebra of the objects of the 
model or in its own dynamics, particularly when we are dealing with interacting models. In the 90's the q-deformation 
introduced to algebras and the quantum groups developed an interesting theoretical scenario 0] . From another point 
of view, Colladay and Kostelecky Hq. have observed the possible occurrence of Lorentz violating extensions to 
the Standard Model. Since their pioneering work, the Lorentz symmetry violation has been extensively investigated 
with the st ring s theory as the underling motivation. Indeed, some astrophysical phenomena could be fitted by these 
extensions [ifj, and theoretical developments have been largely worked on [Tj, Us Ha] • 
. An interesting way to theoretically represent these phenomena is through the vacuum of a model with Chern-Simons 
"V* 1 photon coupling, what we have called Carroll- Jackiw field model j2jj]. This work has presented a preferred space-time 
Qh! direction dictated by the introduction of a constant four- vector b^. Consequently, the photon circular polarization 
shows a non usual dispersion relation j2j|, while the linear polarized photons exhibit optical birefringence. Furthermore 
the four- vector induces anisotropic optical vacuum which could be detected through the observation of tiny Lorentz- 
breaking effects (b^ < 10~ 33 eV ~ 10" 28 cm 1 ) on space-time 

mm in Hi- 

Indeed, a nontrivial vacuum value 

indicates that a fundamental symmetry-breaking occurs for such "field" at low-energy limit. A careful treatment 
of this issue suggests that "spontaneous" Lorentz-violation terms, with consequent anisotropic optical effects, could 
originate from a spontaneous symmetry breaking (SSB) mechanism on a matter vector field [2fj. Taking this into 
account, the reduced model to (1 + 2)D may reveal the contribution of topological objects to such nontrivial optical 
vacuum effects. Our purpose in this work is to obtain stable (1 + 2)D vortex-lines solutions starting from interacting 
nonlinear matter vector field Lagrangian, and also to characterize the vector nature of these topological objects. We 
are going to discuss the contribution of the Chern-Simons-type terms to asymptotic behavior of the matter field. 

The outline of the work is the following: In Sec. II we consider a nonlinear matter vector field model and we 
discuss how it can arise in stable formation for vector solitons. Sec. Ill is devoted to computing the vortex-lines via 
Nielsen-Olesen way and verifying the possible solutions and stability. In Sec. IV we make a study of the mass poles 
through the propagators obtained and discuss the relations to the vacuum and asymptotic limit of the fields. Finally, 
in the Conclusion we discuss the results and give perspectives of new approaches to the subject. 
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II. VORTEX LINES IN THE MATTER VECTOR FIELD MODEL 



Taking the reference [2f|, we recall the charged matter vector field model and we assume it as living in a (1 + 2)D 
world, including global U(l) invariant terms, and topological terms. It can be written as, 

C = -\f; v F»" - (d^)*(d v B v ) + me^B^B* + me^ K B;d v B K + a 2 B*^ + \(B;B») 2 (1) 

where B^ is a charged vector field and F^ v — d Pu B v — d u B^ is the field strength. The symmetry U(l) allows us to 
insert a topological massive Chern-Simons-type term that does not play a role in the vacuum achievement but will 
be important to the mass term definition in the asymptotic limit behavior that will be made clear further ahead 1 . 
As we are treating i? M as a matter field the global £7(1) symmetry induces the presence of a dynamical longitudinal 
term in the Lagrangian Q. We can verify that this model gives rise to a SSB mechanism whose non-trivial vacuum 
[TtL ITsL E3 | allows verification of particular soliton solution. Analogously to the usual scalar case we are going to 
assume asymptotic values on the boundary space for an S* 1 topological circle recalling the Nielsen-Olesen approach. 
Consequently, taking r and 9 as the polar coordinates, we can construct the following values for B^ at r — > oo, 

B tl = b tl J n<> and B^B^ = b^ = b 2 (2) 

where 6 M is a constant vector that is defined by a minimal value of the energy functional in Lagrangian , as it also 
has been assumed in j^J. The result is that the Lagrangian allows a SSB on matter vector field B^ to a 2 < 
and we have that, 



Q 2 

where w M is an unitary vector defined on the Minkowski space in (1 + 2)1) along the b^ direction. Hence our particular 
choices for B^ at infinity lead us to a fixed and exact value for the degenerated vacuum. Another interesting aspect 
in SSB mechanism applied to the matter vector field are the Lorentz-violation parameters generated spontaneously 
too. Indeed, as expected, the Lorentz-breaking term, 6 M -vector, occurs due to the original vector-nature of the lowest 
energy field (2^ |. 

We can observe that vortex lines structures can be derived from the non-trivial topology of the vacuum of the 
matter vector field. From the anisotropic vacuum in (1 + 2)D, the time-component (/x = 0) and the space-component 
(p = i) are written as, 

B = b e m9 , B^bie™ 8 , (4) 

where the r and 9 components in the plane are signaled by 

B r = b r e me Be = b e e m9 (5) 

where the bo, bi (b r and bg) are time, vector (radial and angular) components of the Lorentz-violating parameter. 
Several recent discussions related to the existence of these parameters have been offered 0, 0, 0, EH ■ In this case, 
the B^ field generates a vector soliton with arbitrary anisotropic dependence whose stability is analyzed starting from 
static configuration for the Hamiltonian functional density, 

Hs.c. = -(VB )*(VB a ) + (V x B)*(V x B) + (V • B)*(V ■ B), (6) 

where we have also admitted a static configuration for the SSB potential, 

V(B^B;) = \[b 2 -B;B»} 2 = 0, (7) 

which results precisely in the expression ||2j on the boundary. We have also verified that the topological term in (QJ 
does not contribute to the Hamiltonian density. Let us now treat the system © in three dimensions, admitting a 
cylindric or axial symmetry around the z-axis. Thus, the z-component of B^ is assumed to be constant, and from <|2J 
we have found that, 

VB = —j ne 6, V B = -(b r + inbe)e me , V x B = -(bg ~ inb r )e m0 z. (8) 

r r r 



1 The two Chern-Simons-type term are indeed symmetric, we have written them to observe the global [/(l)-symmetry explicitly. 
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Hence substituting JHJ with Q we find that at r — > oo the Hamiltonian functional density is given by, 

n^ + (n 2 + l)(^ + ^) 
tts.c. = s (9J 

and the energy of the vector soliton relative to the anisotropic vacuum parameters is, 

r°° oo 
E= Hs.c.rdrdd = [n 2 b 2 + (n 2 + 1) (b 2 r + b 2 e )] In \r\ (10) 

On the other hand, as in the case of the scalar theories, the vector soliton model also presents a logarithmic divergence. 
In a similar way, this can be treated by adding a gauge field in the system, 

D M B u = d ll B u + ieA M B v . (11) 

We shall then assume the gauge choice Aq — 0, where = A = iV(n#), for very large r value. As is well known, 
we can write it analytically in cylindrical symmetry, or 

Ti 

A r -> and A e -> (12) 

er 

since we treat the covariant derivative ifTTll at infinity, the results is 

D„B V = 0. (13) 
Thus, the stability of this model requires a "vector electrodynamics" whose Lagrangian model is defined by, 



C = -\Uuf" - \F'U^ V - {D^Y{D„B V ) + me^ K B;(D u B K ) + me^ K B^D v B K )* + X[b 2 - B*^] 2 (14) 



where J 7 ^ — D^By — D^B^ and f^ v = d^A v — d v A^, From the relations J12II which define a pure gauge, the 
Lagrangian model ifTHl assumes a finite energy configuration for its Hamiltonian functional density at infinity, 

Tp V and H -> (15) 

and the gauge field A^ gives rise to a soliton magnetic flux, 

$= I A-dl = -^, (16) 

which is equivalent to the result obtained for scalar field model and could be seen as magnetic flux quantization as in 
the London and Ginzburg-Landau equations to describe the type-II superconductors 27] . 



III. VECTOR MODEL FOR THE NIELSEN-OLESEN EQUATIONS 

Based on the Lagrangian ltl4Tl we now consider a vector version to the Nielsen-Olesen equations. A remarkable 
feature of this study is the existence of a non-trivial vacuum for the B^ field, which naturally guarantees the appearance 
of an anisotropic parameter via SSB mechanism. In this way a vector soliton object with non-zero spin emerges from 
this model whose dynamical equations depend on the quadratic norm of the anisotropic vector 6 M . We then assume 
the Lagrangian model 

C = -\]^F V - \t%T^ - (D^B 11 )* (D„B U ) + m^ iVK B il {p v B K )* + me^ UK B*(D„B K ) + a 2 B^B^ + X(B*B tJ ') 2 (17) 

whose equations of motion for the model are written as, 

ie{B* v F» v - B V F» V *) + ie{B»*d v B v - B^d v B v *) - ieme^ K (B*B K - B K B*) - 2e 2 : A^{B* v B y ) = d u f» v , (18) 



D^B" + 2me KXu D x B K = [a 2 + 2A(_B*i? M )] B v . 



(19) 
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Now we seek vortex solutions in the system described by In order to extract further information about the 

system we admit that 



Mr) = Mr) 
where the limits to /3 M (V) are given by, 

lim Pn(r) = bfj 



and 



lim/3 M (r) = 0, 

r— vu 



(20) 



(21) 



here, B*B^ = \f3(r)\ 2 and \(3(r)\ 2 — >(\f3(r)\ QO ) 2 = b 2 at infinity. In the Minkowski space (1 + 2)D we can observe 
that, 



\m\oo = \b\ = ^/bi-b*-b 2 



\(3(r)\ = Vl3o(r) 2 -pr(r) 2 -l3e(r) 2 and so 

Then the equations of motion l|T8jl and lfl9l) assume, in the static configuration, the forms: 

dip* = ieiB^B + B*d"B l - B*d l B» - B d>*B * - B^B" + B^B"*} 

+ie[B"*d l B i - B"d l B i *} + iem^ VK (BlB K - B V B* K ) - 2e 2 A»B B° - 2e 2 A> 1 B*B i 



(22) 



(23) 



D i D i B v + 2m( Kiv D l B K = [a 2 + 2\{B* ll B»)\B u . 



(24) 



Then by using the relations <2()ll and 1)21)) in cylindric coordinates the equations of motion, l)23ll and (24j, can be 
written down as, 



d 2 A(r) 1 dA(r) 



dr 



dr 



e 2 |/3(r)| 2 



1 



A(r)-^|^(r)| a = 0, 
r 



(25) 



ld_ 

r dr 



dPa(r) 



dr 



(--eA(r)) 2 + a 2 +2A|/3(r)| I 



/3 (r) = 2m 



d -^+(™ + ieA(r))0 r (r) 
dr \ r 



(26) 



l_d 

r dr 



df3 r (r) 
dr 



(--e/l(r))' +n- + 2A| <(Yi|- 



P r (r) = 2m 



h ieA(r) 

r 



Po(r) , 



(27) 



l_d 

r dr 



d(3 e (r) 



dr 



(^-eA(r))% ,r : 2A| Hr)\- 



-2m 



d(W) 
dr 



(28) 



Unfortunately the analytical solution of these four equations can not been obtained. Recalling the scalar case, we have 
two, simpler equations but without analytical solution all the same j22|. In the above equations one simple particular 
solution can be obtained by making \(3(r)\ for large r achieve the particular expressed in Eq. (221 . 

We can observe that the equation (25)) is the consequence of static configuration when we substitute the /^(r) 
function into the equation of motion 1)2311 . The expressions 12 (ill , (12 711 and II28H are the components of the equation 
of motion 12411 to fj, = 0, r, respectively. The solution of these coupled equations of motion system reveal the 
characteristic functions to each component /3o(r), Pr(r), Pe{r). Unfortunately, again, this system can not admit an 
exact and general analytic solution. The only particular analytic solution we can obtain is through values of l/SMI 2 
near infinity, which implies that 



\(3(r)\ 2 ^b 2 



(29) 



In this case, we have that \b\ 2 — b 2 , so we can define the gauge field A(r) and the magnetic field H(r) are the 6- and 
z-component of their respective fields, or 



A(r) =A e {r) = A, 

1 d[rA{i 
r dr 



H(r) = H z (r) 



(30) 
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Allowing these conditions, we obtain the following solutions to the fields as functions on the breaking parameter |6|, 

A(r) = -- - ^Ki(e|6|r) = -- + |6U/^exp (-e\b\r) +o(- 
er e r^oo er y 2er V / \r 

H(r) = lM^ ( e | 6 | r) |^ = Ifol^exp (-e|6|r) + > (31) 

where K$(e\b\r) and Ki(e\b\r) are the modified Bessel functions, whose values are taken at infinity. We notice 
that in the above solutions, |6| is a parameter of A(r) and H(r) that imposes a specific direction in space-time and 
consequently breaks the Lorentz symmetry 2 . So, we can state that the magnetic field H(r) is generated by a Lorentz 
symmetry violation. We also observe that, in spite of the absence of an exact solution to the coupled system of 
equations we can infer the solutions of the parameters /3q(t), ft r (r), Pe{r) in good agreement with functional behavior 
when the system is going to infinity. In this limit we can suggest that the variation of these parameters is generically 
described through the equation, 

Mr) = b„ (l - ae-^ r ) , (32) 

where a and — p 2 are two real factors to be determined. The a-factor can be easily obtained ensuring that the solution 
obeys the asymptotic behavior. On the other hand, the p-factor is related to the mass of the field. Bearing this in 
mind and with the presence of a topological term in the original Lagrangian both might influence the vortex structure. 
To this end we use the propagator computation derived from the Lagrangian Q. We verify that close to the vortex 
core there is no contribution from the topological Chern-Simons-type term, but it is relevant to the process to reach 
the asymptotic limit, which can be dictated by a mass term parameter that will be obtained by a spectrum analysis. 



IV. THE SPECTRUM ANALYSIS AND THE ASYMPTOTIC LIMIT BEHAVIOR 

Taking the Lagrangian the propagators can be written down in three sectors, as 



0"" = 



□ 



d^d v 
□ 



(33) 



where ft is the the longitudinal, 8 and S are the transversal sectors of the propagator remarking that S has topological 
origin. Thereby the invertible operator is — 2mS^ 1 ' + (□ + o?)rf LV , and its inverse O -1 is 



1 



2m 



(□ + a 2 ) n ^ + (□ + a 2 ) 2 + 4m 2 D ®^ (□ + a 2 ) 2 + Am 2 ^ 



Converting to the momenta space, the -B-field propagator can be written down as 



(B»B v ) L {k) = - 
{B»B v ) T {k) 



k 2 



(k 2 — a 2 ) 2 — Am 2 k 2 



(k 2 - a 2 ) jf v 



k»k v 
k 2 



2mi^ Xv k x 



(34) 

(35) 
(36) 



where we have separated in longitudinal (L) and transversal (T) sectors. Observe that the longitudinal sector exhibits 
a simple pole k 2 — a 2 , and if we saturate this sector with the conserved current it vanishes, thereby it has no dynamics 
and therefore we can throw it away. On the other hand the transversal sector can be re- written in such a way that, 



{k 2 -a 2 )W 



k^k 1 - 



2mi^ Xu ky 



(37) 



where the massive poles are, 



p\ = a 2 + 2m 2 ± 2m\/ a 2 + m 2 . 



(38) 



2 It is different from what occurs to the solutions of the scalar case of Nielsen-Olesen vortex, which are dependent on a real parameter 
that comes from a breaking of the internal symmetry U(l). 
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We can see that the transversal sector poles represent the unique dynamic degrees of freedom of the model, and if we 
take to = we get the usual Proca-type massive pole as expected. The important point here is that we can easily 
observe that the topological mass contributes to dynamic mass poles p±. And to obtain such contribution we suggest 
a simple relation between the mass and the topological mass terms, that is 

TO 

£=-, 39 
a 

which means that the topological mass is a multiple of the usual mass term, and £ is a constant value. In this way 
we can substitute it in ll38)l . giving 

p 2 ± = C(e)a 2 , (40) 

where C(e) is the constant expression 

C(e) = l + 2e 2 ±2e(l + e 2 ) 1/2 . (41) 

We observe that for real values C(e) is always positive. 

Therefore we can conclude that the contribution of the topological sector does not spoil the SSB will be procedure 
in the sense that if we take the mass-term a 2 to be negative thus will be the Chern-Simons-type mass term m 2 . 
However, in this approach, the Chern-Simons-type sector does not play a role in the vacuum computation, it indicates 
the "speed" of the field in order to arrive at the asymptotic limit and the size of the region where H is different from 
zero or the vortex core. So, in order to include a Chern-Simons-type contribution to the mass pole we have to "deform" 
the mass term in the above C(e) in such way that 

a 2 -> C(e)a 2 (42) 

where C(e) > 1 and it is easy to see that for to = implies that e — and C(e) = 1. So the vector solitons can have 
two modes (±) that depend on the mass deformation factor C(e), noticing that they are both positive. 

Therefore, taking the asymptotic behavior of the field and neglecting the ± indexes, we can verify that the function 
(l32l is consistent with the physical limits defined in l|2"T|l and il22l) . We also notice that this definition can be extended 
to the following quantities, 

(3»{rW{r) = W)\ 2 = b^ (l - ae-^ r )\ (43) 

which we can take, 



\p(r)\=\b\(l-ae-^-^), (44) 

and taking the r — ► oo limit we have that _^ = |6| which is consistent with the definitions adopted. This 

result implies that each component of /^(r) behaves as a unique soliton traveling in various directions, and whose 
distance is related to the mass parameter p 2 . The vector character of the soliton is the consequence of the solitonic 
modes 3 in the (1 + 2)D space-time. 

The non-trivial vacuum value expressed in the relation (1- >2fl suggests that the vector soliton is generated from the 
Lorentz symmetry violation represented by the parameter. Furthermore, vector solitons are also associated with 
local anisotropy of the vacuum energy (or optical vacuum) which can be obtained from the non-trivial vacuum state 
of vector matter field model, as has been speculated in a previous work|2fil|. For this reason, we can notice that 
vector soliton objects which present independent components of polarization b^ and originate from Lorentz symmetry 
violation are indeed not a simple extension of scalar topological solitons. 



In order to obtain the factors of the function 14411 a further analysis of beyond of these limits can be made. To 

this end we suggest that the factor a can be a function of r in such a way that it has to satisfy lim r ^o/3^M = 0. The 
best form of the factor a is given by, 



sm I yj —p 2 r 



a(r) = V— \ (45) 



3 It can be related to collective behavior of these solitonic modes. 
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FIG. 1: Plot of f3(r) field versus the distance r given by expression 14(>t . The mass parameter p is estimated as the Higgs mass 
value. We observe that f3(r) assumes asymptotic values for \b\ = 1 at infinity. 



so, substituting this expression in the function iliUl . we have that 

/ sin ( \j-p 2 r J 
P,(r) = b, 1 V ; e 

where we verify that Pfj,(r) is a smooth and analytic function for all real values of r, and it satisfies both limits 
expressed in IplJ. Then the expression ijlfij) might be taken as a simplified analytical solution for the function [3{r) 
near to the asymptotic limit. We can observe in Fig. 1, that it fits very well, particularly for values of p to the order 
of Higgs mass. From Fig. 1 we can also notice a smooth convergence of (3{r) at the asymptotic limit or |6| = 1. The 
vector Bfj,(r) shows a spontaneous symmetry breaking due to the parameters 6 M present in each component. This 
suggests that a "multi-soliton" with a vector field structure could be generated. 




(46) 



V. CONCLUSION 



In this work we have analyzed the contribution of the non-trivial vacuum to the topological behavior of a vector 
matter field in (1 + 2)D. In spite of a non-exact and/or non-analytic solution of the differential equations derived 
from each component of the equation of motion the topological characteristic of the solution is guaranteed. In the 
present model, we have obtained that the charged vortices show similar behavior as in the Maxwell-Chern-Simons 
model|2?l l2Sj. Moreover, the resulting topological objects could be interpreted as vector solitons, where each one of 
their components are shown to be a polarized soliton in a spacetime direction. We have also shown that a possible 
origin for these vector solitons comes from the non-trivial vacuum in the vector matter field dynamics. Furthermore 
we have analyzed the role played by the topological Chern-Simons-type terms. Although they do not contribute to 
the non-trivial vacuum obtained, by means of a mass pole verification using propagators computation we observe that 
it can contribute with a positive two-mode-extension to the mass term, which indicates that its factor preserves the 
topological feature of the asymptotic limit of the field. It can characterize the size of the region where the "magnetic" 
field is non-zero, or core vortex, and the "speed" of the field to saturate the asymptotic limit. 

In the present work we have noticed that the soliton modes with polarized direction 6 M generated can be associated 
with local anisotropy of vacuum energy. There is an interesting similarity to the study of the Lorentz symmetry 
violation studies [Tj, Ojj|, [la, Ojl LL3 UJ| • In this work, the (local) Lorentz symmetry violation might induce a local 
spacetime perturbation giving a dynamical anisotropic anomaly that is manifest by a vector soliton object. Indeed, 
it suggests the possible existence of topological vector solitons in the limit of very high energy physics. 

We can also speculate that the vector solitons described in this work could be connected to the multi-soliton 
modes in the context of nonlinear crystals, which first appear in the work of Manakov for low energy systems[29]. 
We also noticed that such multi-solitons (or solitons with many components) were recently observed in optical fiber 
experiments j^jj, EH E2- From another point of view, experiments have been performed to verify the presence of 
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non-topological multi-solitons in anisotropic cristals in (1 + 2)D [33L that could be correlated with the present 
work. 

In the scope of the Quantum Field Theory it could be noted that topological vector solitons stem from a possible 
optical vacuum energy state or dynamical topological defect. Thus these objects might be present in models that due 
to the space structure have anisotropic (optical or not) effects. 
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